SM286 — Spring 2010
Supplementary Notes 5
Gaussian DE

The Gaussian Differential Equation > y"' + (1 — x?)y = 0

Express DE as a Power Series

This is a homogeneous 2" order differential equation complicated by the non-constant coefficients. We
will solve this using power series technique. Assume the solution to the differential equation:

(00 (00 [e0)
y = Z Cnxn — y’ = Z cnnx"‘1 —_— y” = Z cnn(n — 1)Xn_2.
n=0 n=1 n=2
Therefore the differential equation can be rewritten as:
[ee] [ee) [ee]
Z cpn(n —1)x™"2 + Z Cpx™ — Z Cpx™t2 = 0.
n=2 n=0 n=0
Shift Indices to Combine Summation Terms
In the first summation let k=n-2 (which implies that n=k+2):
Z cyn(n — a2 — Z CraaCk + 2)(k + 1)x*.
n=2 k=0
In the second summation let n=k. In the third summation let k=n+2 (which implies that n=k-2):
[ee] [00)
Z Cpx™t? — 2 Crpxk.
n=0 k=2
The differential equation is now rewritten in terms of k:
(00 (00 (00
2 Creaz(k +2)(k + D)x* + Z crx® — Z Cr—px® = 0.
k=0 k=0 k=2
We now strip of the first two terms of the first two summations:
oo (0] oo
2cy + 6c3x + Z Creaz (b +2)(k + Dx¥ 4+ ¢y + cyx + Z cpxk — Z Crpx¥ = 0.
k=2 k=2 k=2

The terms are combined as follows:

(co + 2¢,) + (¢q + 6c3)x + Z[ck+2(k +2)(k +1) + ¢, — cx_p]lx* = 0.
=2
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From this we can conclude:

1
Cot2c;=0->0¢y = _ECO'
1
€1 +6c3=0-c¢3= g1
Cr—2—C
Chaz(k+2)(k+1) + ¢ —Ch_py =0 Cpyz = Mfor k=2,3,4 ..
Now start with k=2 (since c, is the next term that we need) :
1 1 1 1
k=2: ¢, = E(Co —cy) = E(CO +EC0) —|Cs =3 0o,
1 1 1 7
k=3: c5 = (€1 —¢3) = %(cl +gC1) — |65 = 5 C1
1 1 1 1 1
k=4: Ce = 5((:2 - C4) — 5(_5(:0 _ECO) — |Cg = _ECOJ
1 1 1 7 3
k=5: ¢; = E(C3 —Cs5) = E(_gﬁ _3001) %7 = T5e0 L
etc ...

Therefore:

1 1 1 1 7 3
y & ¢y (1—§x2 +§x4—ﬁx6 ...)+c1 (x—gx3 +mx5 —%Jﬂ )

Consider the special case where y(0)=1 and y’(0)=0. Note that:
(00 [ee)
y = cnx”=c0+2cnx”—> y(0) =¢cy =1,
n=0 n=1

y =¥ jepnx™ = + Y, cpnx™ 1 — y'(0) = ¢; = 0.

Thus:
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Maclaurin Series Solution to e*

(0)

If f(x) the Maclaurin series can be written as Z;‘f —~ . Thus:
fO)=e*—f(0) =1,
fl) =e*—>f'(0)=1,
f//(x) - ex _)fll(o) — 1’
etc ...
Thus:
x1+1 +1 +13 "1++12+13
e O'x 1 x! T x? 31 x e x+oxt+ex

. . . 2
Maclaurin Series Solution to e ~*"/2

~x%/2 yse the result for e* replacing x with —x2/2:

—x2\  1/-x2\* 1[/-x2\’ 3 T 1 1
2 5 1 4 to(—) 4= o|e*2x 1 - a2 4 oxt——xb ..
¢ <2> 2(2) 6<2> e 2 T8* "ag”

This seems to match the power series solution for the differential equation y"’ + (1 — x2)y = 0 when
y(0) =1andy'(0) = 0.

To obtain a Maclaurin series for e

Note that the original differential equation was second order suggesting that there is a second solution.
Recall:

_(112+1416)+(1+7537)
Y =cg 2x 8x 48x ci1lx 6x 120x se0”

The second polynomial is the power series of the %\/%cle‘xz/zerfi(x), where erfi(x) is the imaginary

error function. We will not show this, but merely state it existence for completion.

Homework:

1. Showthaty = e~*"/2 s a solution to the differential equation y’ 4 (1 — x?)y = 0 and satisfies
the initial values y(0)=1 and y’(0)=0.
What is the solution to the differential equation if y(0)=0 and y’(0)=1?
Add one additional term to each power series in the solution highlighted above




